High-precision space observations, such as made by the Kepler and CoRoT missions, allow us to detect mixed modes for l = 1 modes in their high signal-to-noise photometry data. By means of asteroseismology, the inner structure of red giant (RG) stars is revealed for the first time with the help of mixed modes. We analyse these mixed modes of a 1.3 M ⊙ RG model theoretically from the approximate asymptotic descriptions of oscillations. While fitting observed frequencies with the eigenvalue condition for mixed modes, a good estimate of period spacing and coupling strength is also acquired for more evolved models. We show that the behaviour of the mode inertia in a given mode varies dramatically when the coupling is strong. An approximation of period spacings is also obtained from the asymptotic dispersion relation, which provides a good estimate of the coupling strength as well as period spacing when g-mode-like mixed modes are sufficiently dense. By comparing the theoretical coupling strength from the integral expression with the ones from fitting methods, we confirmed that the theoretical asymptotic equation is problematic in the evanescent region due to the potential singularities as well as the use of the Cowling approximation.
INTRODUCTION
As an excellent tool to study the structure of stars, asteroseismology has been developed rapidly in recent decades. By investigating stellar oscillations, it enables us to probe the interior of stars. For solar-like stars, there are two main pulsation modes confined inside them: p modes and g modes. For the p modes, pressure is the restoring force and they are primarily vertical acoustic waves. For the g modes, buoyancy is the restoring force. p-mode oscillations are widely observed in main-sequence stars because of their large amplitudes and their motions are primarily vertical. However, although g-mode oscillations have much smaller amplitudes, which make them very hard to be observed directly, they are seen in terms of mixed modes in some more evolved stars.
In main-sequence stars, p modes and g modes are trapped in their own cavities. When stars evolve to the giant stage, the very large gravitational acceleration in the core opens up the possibility that the two cavities could couple with each other, making these coupled modes have p-mode character in the outer part of stars and g-mode character in the core area, for which they are called mixed modes.
Thanks to the high quality of the photometry data from Kepler and CoRoT, many recent analyses of oscillations in red ⋆ E-mail:jiangchen@phys.au.dk giant (RG) stars have been done (e.g. Hekker et al. 2009; Bedding et al. 2010; Huber et al. 2010; Jiang et al. 2011; Mathur et al. 2011; Mosser et al. 2011; Baudin et al. 2012; Kallinger et al. 2012) , which prove that using mixed modes is a robust tool to probe the inner structure and evolution of these evolved stars (Beck et al. 2011 (Beck et al. , 2012 Bedding et al. 2011; Mosser et al. 2012a) . Unno et al. (1989) studied the general properties of stellar non-radial oscillations analytically using an asymptotic method and obtained eigenvalue conditions for p modes, g modes as well as mixed modes. Christensen-Dalsgaard (2012) also analysed the properties of the modes using an approximation to the asymptotic relations. In this paper, we introduce the typical properties of mixed modes and use models to predict the behaviour of these modes.
ASYMPTOTIC FITTING OF MIXED MODES
When stars evolve to post-main-sequence stages, the large gravitational acceleration in the core increases the upper limit of the frequency range that g modes can reach, which results in the coupling of p modes and g modes. As a result, these coupled modes undergo so-called avoided crossing and mode bumping, their frequencies being shifted from the regular spacings indicated by the asymptotic de- scriptions. With the intention of asymptotic analysis, we follow a 1.3 M ⊙ RG model with initial solar parameters that was calculated by the ASTEC evolution code (Christensen-Dalsgaard 2008a) and the ADIPLS oscillation package (Christensen-Dalsgaard 2008b) . Its evolutionary track is illustrated in Fig. 1 . Several different cases of mixed modes will be discussed in the following sections.
Asymptotic relations for p and g modes
The frequencies of low-degree and high-order p modes are regularly spaced, approximately following the asymptotic relation (Tassoul 1980; Gough 1986 ):
where n is the radial order, l is the angular degree of the mode and ω nl is the angular frequency. ∆ν is known as the large frequency separation, which is the inverse sound travel time across the star, given by
where c is the sound speed and R is the surface radius, and the integration is made over the distance r to the centre. In equation (1), ǫp is a frequency-dependent phase shift due to the large gradient of the cut-off frequency near the stellar surface and d nl is a correction called the small separation.
On the other hand, the periods of g modes satisfy an asymptotic relation (Tassoul 1980) :
where ǫg is again a phase shift, and
where L = l(l + 1), N is the Brunt-Väisälä frequency (or buoyancy frequency) and the integral is over the cavity where the g mode is trapped. However, the asymptotic relations for both p and g modes are only valid for high-order modes (n ≫ l).
The oscillation displacement δr can be separated into radial and horizontal components, ξr and ξ h ,
where ar is a unit vector directed outward. Unno et al. (1989) introduced two variables v and w related to the displacement components as
and
with ρ being the density. Neglecting the perturbation to the gravitational potential (the so-called Cowling approximation; Cowling 1941), the two variables v and w each approximately satisfy a second-order differential equation that describes the behaviour of oscillations,
with K defined by
Here K 2 is approximated by ignoring the acoustic cut-off frequency term that is generally small in the stellar interior and large near the surface. In equations (6) and (10), apart from N there is another characteristic frequency S l , also known as the Lamb frequency, Unno et al. (1989) solved the set of differential equations (8) and (9) asymptotically to obtain v and w using the JWKB method (or Jeffreys, Wentzel, Kramers and Brillouin; Gough 2007) and found that there is a general eigenvalue conditions for p and g modes ,
Here n is the mode order, and r1 and r2 are adjacent turning points (where K = 0), between which K 2 is positive. Again ǫ is a phase correction that depends on the structure of the model near the turning points. The dependence of ǫ on frequencies is implied in the definition of K, which can be explored numerically by using equation (12) (Christensen-Dalsgaard 1984) . We note that the derivations of equations (8) and (9) neglected terms that may lead to singularities at critical points in the model, although typically in evanescent regions where K 2 < 0. This is explicit in a second-order equation, exact in the Cowling approximation, presented by Gough (1993) , which is of the same form as equations (8) and (9) but expressed in terms of a different dependent variable.
Asymptotic relation for mixed modes
In order to discuss a similar asymptotic relation for mixed modes, the propagation diagram of model M3 (see Section 3.1 for details of the model) is shown in Fig. 2 with eigenfrequency of 315.26 µHz indicated by the horizontal line that intersects with the characteristic frequencies at turning points 'a', 'b' and 'c'. In this case, g modes are trapped in the interval between the layer very close to the innermost point 'a' and 'b', while p modes travel in the outer part of the star between 'c' and the surface, where K 2 is positive for both cases. The region between 'b' and 'c' is called the evanescent region where K 2 is negative and the eigenfunctions behave exponentially. Equation (12) can be considered as an eigenvalue condition for p and g modes (Unno et al. 1989 ). For g modes: Gyr. On the y-axis, R is the surface radius of the model and R 0 is the zero-age main-sequence radius. Modes with the same radial order have been connected in the same line. The dashed lines are for radial modes and the solid lines for l = 1. The three vertical lines indicate three models. Together with the last model they are discussed in detail, and their locations are shown in the evolution track of Fig. 1 . Evolution of one g mode with n = −50 is highlighted as a red curve and is described in Section 3. The computations of frequencies stop at the acoustic cut-off frequency, which leaves the blank area in the upper figure. and for p modes:
where n and m are integers that also define the orders of p and g modes, individually. In the present case, with a radiative core, ra is very close to the centre. If there is a convective core, the deeper boundary of g modes is outside the core. Unno et al. (1989) describe an eigenvalue condition for mixed modes using a coefficient q measuring the coupling strength between gravity-wave and acoustic-wave cavities:
[A qualitatively similar relation was obtained by Christensen-Dalsgaard (2012) from the analysis of a simple toy model.] As discussed below, equation (15) has been a very powerful tool in the analysis of mixed modes in RGs (e.g., Mosser et al. 2012a) , with the coupling strength q obtained by fitting the expression to observed or computed frequencies of oscillation. It is of obvious interest to investigate how the coupling strength reflects the properties of the stellar interior. From a simple analysis of equations (8) - (10), Unno et al. (1989) obtained the estimate
We note that this is obviously questionable, given the problems with singularities discussed above. Even so, we find it interesting in the following to compare qint as computed from equation (16) with the results of frequency fits. When the coupling is very weak, q is close to 0. It is reasonable to estimate that q is a small quantity and there is a condition that satisfies equation (15):
It should be noted that equation (15) is the general condition even for pure p and g modes if we take q = 0. When mixed modes occur, the small value of q leads to deviations from pure oscillation modes, which are indicated by corresponding ± and ∓ signs in equation (17). From equation (10) K only depends on the frequency for a given model. So the occurrence of oscillation modes is also determined by the frequency. Hence let us consider a model with frequency gradually increasing. In the very beginning, the frequencies are very small making the integrals in equation (13) so great that a large number of g modes satisfy equation (13). However, there is no p mode existing at the very low frequency range because S l ≫ ω 2 . As the frequency increases, the region in which gravity waves are trapped becomes narrower and therefore the integral of K monotonically decreases. But once the frequency is greater than S l the integral over acoustic-wave zone monotonically increases. If the frequency is high enough to make gravity and acoustic waves couple with each other meaning that the integrals of K approach (n − 1/2)π and (m + 1)π at the same time, the eigenvalue condition equation (17) is satisfied and an avoided crossing occurs. When the frequency increases beyond N , only equation (14) can be satisfied by p modes. Fig. 3 shows the evolution of the oscillation modes for the 1.30 M ⊙ model, as functions of stellar age and radius. The frequencies in the figure have been scaled according to the inverse of dynamical time-scale t −1 = (R 3 /GM ) −1/2 , which makes the frequencies of acoustic modes vary little with time. There are clear uniform spacings between p modes. On the other hand, the scaled frequencies of gravity modes (see solid lines at the lower-left corner) have an increasing trend with age, which is a consequence of the increase in N . However, the striking feature of the frequencies in Fig. 3 is the interaction between the dipolar acoustic and gravity modes. At an early age when the star just leaves the main sequence, the high-order modes are only pure p modes, while g modes are located at low frequency but gradually increasing with time. When the frequencies of the g modes are high enough to interact with p modes, the horizontal lines of p modes are bumped up to relatively higher values, which breaks the equally spaced pattern of p modes. These interactions take place through a series of avoided crossings when the two modes exchange nature. On the other hand, as the star ages, g modes dominate the whole frequency range, while p modes can only be revealed in terms of mixed modes. In this case, frequencies will be diminished when avoided crossings happen, which form the very dense p-dominated mixed modes (see Section 3) in the time sequence that still can be observed as very dense horizontal lines in Fig. 3 .
CLASSIFICATION OF MIXED MODES

Fitting mixed modes
While a mode is undergoing avoided crossing its frequency deviates a little from its original value which makes K satisfy condition equation (17). One can calculate K approximately in different regions separated by turning points (a, b and c in Fig. 2 ) (see Christensen-Dalsgaard 2012) .It should be noted that these approximations are valid except near the turning points. Therefore the integral of K in the outer region is closely related to ∆ν and that in the inner region to ∆Π in this asymptotic analysis (see equations 2 and equation 4). Substituting ∆Π and ∆ν into equation (15) 
where ν np, l=1 is the uncoupled solutions of p modes and ǫ is the phase shift in equation (3) which makes the obtained periods close to (n + 1/2 + ǫ)∆Π l when the coupling is weak (Mosser et al. 2012a) . Equation (18) is the expression for the l = 1 mixed modes coupled to the pure p modes ν np, l=1 . It gives a more intuitive view of the frequency change from pure p modes with several observable seismic parameters than equation (15) that demands the knowledge of the structure of stars. However, a similar expression for p-dominated mixed modes coupled with pure g modes can also be acquired, though the asymptotic relations break down for low radial order modes. But we only focus on the former case in this paper. With the assumption of the asymptotic relation for p modes, one can approximate ν np, l=1 which can be affected by the correction term ǫ to some extent. ∆ν is obtained as the mean value of frequency spacings of radial modes, assumed also to be valid for dipole modes. The frequencies ν are either from models or observations. Table 2 ). The 'Integral' results are calculated from the approximate integral in equation (16) and they are the average value of ν np, l=1 modes (see Table 3 ). Only modes over the interval [νmax − 3∆ν, νmax + 3∆ν] are taken into account for a given model for both methods. The vertical line indicates the location of model M 3 , and M 4 is at the end of the figure.
Here, we only analyse theoretical modes and use those around the frequency νmax of maximum power, namely within the range [νmax − 3∆ν, νmax + 3∆ν]. Since νmax is not given directly from models, it is scaled from the solar value using the usual scaling relations (Kjeldsen & Bedding 1995) . Hence, ∆Π, q and ǫ are left as open parameters and their values are gained after a least-squares fit to frequencies by the method of grid searching. We constructed grids of q and ǫ from 0 to 1 with a step of 0.01 and 0.1, respectively. ∆Π is searched around a preliminary value, which is estimated by equation (4) when fitting only theoretical frequencies, within a small range ([∆Π − 3 s, ∆Π + 3 s]). However, if we are confronting observed frequencies, ∆Π is estimated between ∆Π obs and 3∆Π obs , where ∆Π obs is the measured value of the period spacing between bumped mixed modes and significantly smaller than ∆Π. In this case, more computing time is required, but this is beyond the scope of this paper. In reality, the coupling strength varies with frequency, but the result from this asymptotic fitting is the mean value q .
We selected four models at different locations on the evolution track (see Fig. 1 ). The first model (M1) is in the middle of the subgiant branch when p modes are still dominating the high-frequency range. The second model (M2) lies at the base of RG branch as low-order g modes penetrate into the p-mode area in frequency. The third model (M3) is on the ascending branch so that g modes are reigning over the frequency range with p modes penetrating in them. The last one (M4) is farther up on the ascending branch. Their fundamental parameters are given in Table 1 . For the seismic parameters, the large frequency separations ∆ν are the mean value taken from radial modes, the period spacings of dipole g modes ∆Πint are the theoretical values derived from the integral of N (equation 4) while similarly ∆νint are from the integral of the inverse of the sound speed (equation 2), and nmax is the radial order at νmax. Since g modes are equally separated in period, it is reasonable to plot them in a periodéchelle diagram, which is just like the classicaĺ echelle diagram for p modes, but the x-axis is defined as the period modulo the period spacing ∆Π. Fig. 4 shows asymptotic fits to theoretical frequencies of the first three models. Those g-mode-like modes are located in the middle of the pattern, at 1/ν = ∆Π/2 (modulo ∆Π) if ǫ is 0. As noted by Bedding et al. (2011) , the S-pattern per ∆ν-wide interval observed in Fig. 4 is the outcome of coupling. A higher coupling strength would result in gentle central patterns in each segment. The qualitative agreement of the fit to M1 mixed modes is not good except for medium radial orders, as expected. This is because q varies with frequency and the mean value q used in the fitting usually deviates from the real one of each segment. The agreement gets better as the model evolves (see the additional blown-up example of M4 in Fig. 5 ), but the fitting gives an abnormally high q for M1 and its vicinity (Table 2) . Hence, for subgiant models, our obtained mean value of q is not close to the actual coupling coefficient for low-radial-order g mixed modes, which is the reason that this asymptotic fitting method is not suitable for mixed modes in subgiant models. Benomar et al. (2012) introduced a way to fit mixed modes in subgiant stars 1 . However, the fitting provides reasonable q and ∆Π for models on the ascending branch. Fig. 6 collects the results along the evolution sequence, comparing averages of the fitted values of q with the approximate value obtained from the integral in equation (16). As indicated, the fitting results for q are somewhat larger than the values of qint in more evolved models. This is hardly surprising, given the problems associated with the simplified asymptotics, particularly as used in the evanescent region. Concerning these obvious limitations, a relatively simple test is to redo the analysis for frequencies computed in the Cowling approximation. We have done so for model M4, at the right-hand edge of Fig. 6 . The average q resulting from the fits to frequencies computed in the Cowling approximation is lower by about 0.02 than when using frequencies computed with the full equations; this, probably coincidentally, brings the results of the fit substantially closer to qint. A more detailed analysis is beyond the scope of this paper, however. A solution of ǫ can also be found after the fitting. Although it decides the absolute position of the pattern in the period echelle diagram, it has little influence on the solutions of the fitting (Mosser et al. 2012a) .
From the computed models, we can obtain the gravitymode period spacing ∆Π as well as the coupling strength Figure 7 . The ratio of dimensionless mode inertia in the p cavity over the one in the g cavity of the three models, as a function of frequency. The blue crosses represent the ratios for each oscillation mode. Green and red circles correspond to the same kinds of mixed modes as in Fig. 4. q through the fitting to theoretical mixed modes. Furthermore, with the help of models we can study properties of mixed modes by observing some parameters that characterize oscillation modes, such as kinetic energy (Unno et al. 1989) or mode inertia (Dziembowski et al. 2001) . We computed the normalized mode inertia given by (Christensen-Dalsgaard 2008b):
where ρ is the density. For a mode that is dominated by p-mode nature, the inertia is contributed mostly by the p cavity, which is mainly from ξr. For a mixed mode that behaves predominantly g-mode like, the inertia would be very large owing to the high density in the core area and hence is dominated by ξ h in the g cavity (Aerts, Christensen-Dalsgaard, & Kurtz 2010) . Therefore it is convenient to measure the nature of mixed modes with the ratio of mode inertia in the p cavity over that in the g cavity: Unlike Mosser et al. (2012b) dividing mixed modes into two categories by the size of the amplitude in the core (see also Goupil et al. 2013 ), we divide them by the local extreme values of ζ, namely those mixed modes having the local maxima of ζ and their vicinities are called p-m modes and those at the local minima correspond to g-m modes. Although low-frequency mixed modes are principally dominated by g-mode nature (ζ ∼ 0), they are always coupling with p modes at different levels. When the coupling effect is strong, the mode tends to have more p-mode nature which leads to an increase in ζ but decrease in frequency. On the other hand, for larger frequency modes where the p character dominates and ζ is very large (ζ ≫ 1), their frequencies would be bumped up to a higher value but their ζ values are diminished when the coupling with the g-mode character is strong. The frequencies of these p-m modes are close to the frequencies of pure dipolar p modes, because they are little affected by the g cavity, and they can be observed clearly. Similarly, g-m modes are close to pure g modes. Additionally, mixed modes that have nearly equal mode inertia contributions from the envelope and the core take values of ζ of the order of 1. They also have a significant g component that is valuable for stellar interior research, and may also be observed directly. The variation of ζ in dipolar modes with frequency is shown in Fig. 7 , p-m and g-m modes being illustrated by coloured dots.
Since M1 is a subgiant model, there exist high-order p modes as well as g modes. For mixed modes in the g-mode frequency range, g-m modes are expected to align vertically in the middle of the S-pattern in the periodéchelle diagram (green circles in Fig. 4) , while modes affected by pmode character shift sidewards as p-m modes locating at the edge of the S-pattern (red circles in Fig. 4 ). For higher frequency mixed modes which have significant p-mode nature, p-m modes line up more or less vertically as radial modes do in frequencyéchelle diagram (red circles in Fig. 8 ) while modes affected by g-mode character shift sidewards as g-m modes positioning at the edge of each pattern (green circles in Fig. 8) . The reason for the g-m modes in M1 not lining up well is that the radial orders of these modes are relatively low and hence the asymptotic theory is not quite valid. As seen in M3 of Fig. 4 , the alignment is much better as there are adequate high-radial-order modes.
In summary, when the coupling is strong, g-dominated mixed modes usually have small values of ζ which increase because of the kinetic energy contributions from the envelope increase. In contrast, the large ζ values of p-dominated mixed modes decrease as a result of the effect by g-m modes. This is clearly seen by the study of the evolutionary variations of a g mode (n = −50), in terms of frequency and ζ (Fig. 9) . The frequency of the mode increases smoothly at an early age, though there are some tiny influences from p modes which make ζ grow a little but remain small (ζ ≪ 1). When it ages to around 4.8 Gyr, the frequency decreases at the point where the local maximum of ζ is close to 1, which means the effect of avoided crossing is much greater than earlier. And a series of crossings followed with decreasing period means the p-mode character is becoming obvious because of the increasing coupling, and the possibility of this former pure g mode being detected is increasing too.
PERIOD SPACING
A dispersion relation can be approximated from equation (15):
(22) Although the dispersion relation differs from equation (25) in Christensen-Dalsgaard (2012), we follow derivations in Christensen-Dalsgaard (2012) and rewrite equation (21) as:
where C(ω) = sin 2 (ω/ωp) + q 2 cos 2 (ω/ωp) and Φ(ω) satisfies Table 3 . The horizontal dotted line is the theoretical period spacing of pure g modes defined by equation (4). The lower panel shows detailed properties of the second and third segments. From equation (23), it is obvious that the eigenfrequencies satisfy
Hence the frequency spacing between adjacent modes nearly satisfies
and the corresponding period spacing is approximately given by
The term outside the parentheses of equation (28) is the period spacing for pure g modes, and variations of ∆Π of mixed modes originate from the behaviour of Φ which is illustrated in Christensen-Dalsgaard (2012) . Φ is almost constant and therefore its derivative is around zero except near acoustic resonances where Φ changes rapidly, causing a vigorous variation in the period spacing. At the centre of an acoustic resonance, the mode frequency is exactly ν np, l=1 in equation (18), and Φ = π/2, ω/ωp = kπ for integer k. We introduce δx = ω/ωp − kπ that represents how much a mode deviates from the centre of an acoustic resonance and expand Φ as δΦ = Φ − π/2 in terms of δx. Equations (22) and (23) yield tan(δΦ) = −q −1 tan(δx), expanding which to the second order gives
which leads to the derivative of Φ as dΦ dω
This leads to the final approximation to ∆Π after plugging equation (30) into equation (28),
Therefore the variation of the period spacing is determined by the coupling strength and δx. The minimum period spacing occurs when the mode is extremely close to the centre of the acoustic resonance:
In equation (31), ωg relates to the ∆Π of g-m modes, ωp corresponds to around twice ∆ν, and δx ≈ 0 indicates a pm mode. Therefore, equation (31) clearly provides another approach to acquiring ∆Π, ∆ν as well as q by fitting the period spacings if we have adequate g-m modes. To do this, we focused on M3 which has a large amount of high-order g modes. Fig. 10 presents the fit to the period spacings of M3. The period spacings of the g-m modes, which are located on the side of each dip, are very close to the theoretical ∆Π calculated from equation (4), while the p-m modes lie at the bottom of each dip, as a result of the increase in frequency of these modes. We fit each dip separately in the range [νp-m −∆ν/2 ; νp-m +∆ν/2]. Those modes at the bottom of each dip are regarded as p-m modes, which are mixed modes containing gravity mode character as well. They are also possible for detection if their ζ are large enough. As shown in Fig. 10 , the asymptotic dispersion relation leads to an excellent fit to the theoretical period spacings for lowfrequency modes. However, when the g modes are not dense enough, ωg is underestimated and so therefore is ∆Π. The results are displayed in Table 3 . The coupling strength relates to the depth and width of each dip. According to equation (32) the depth of each dip increases with decreasing q, but the width decreases reversely and therefore the chances of finding a g mode decrease too. However, in this exercise we found that the reductions of the period spacing are also very sensitive to the mode frequency. For instance, for low-frequency modes, the small value of the maximum reduction in period spacing of M3 gives very high q value, compared to the results from other approaches, though they lead to good period spacing calculated from ωg and mean frequency spacing derived from νp-m (∆Π = 87.41 ± 0.62 s, ∆ν = 18.04 ± 0.16 µHz). We also analysed the even more evolved model M4. The resulting q are acceptable in this case thanks to sufficient g modes but the frequency dependence still exists (Table 4 and Fig. 11 ). In summary, the outcome of the asymptotic dispersion relation works more robustly for more evolved stars where g modes are dense, but the results have a strong frequency dependence.
CONCLUSION
We have analysed the properties of the dipolar mixed modes (l = 1) of RG models. Mixed modes result from the coupling between the acoustic and gravity modes in evolved stars when the buoyancy frequency N is high enough that frequencies of g modes are able to approach those of p modes. When a star evolves past the main sequence, the possible frequency upper limit that a g mode can get to increases dramatically because of the increase of the central density. In the beginning, oscillation modes are dominated by p modes and coupled with several g modes, and high-order pure g modes are only distributed over the low frequency region. Frequencies of p modes are bumped up to a slightly higher value when an avoided crossing happens. As the star ages, frequencies of more g modes grow to be as high as those of p modes. The dense g modes are then coupled with a few acoustic oscillation modes. The frequencies of g modes are diminished a little as a result of coupling in this case. The extent of the coupling can be measured by a coefficient called the coupling strength q that corresponds to how close the g and p cavities are. The closer the two cavities are, the larger is q. The coupling actually affects every oscillation mode all the time in more evolved stars, at a level which also depends on the mode phases. Mosser et al. (2012a) show an asymptotic relation of mixed modes derived from an implicit relation between the phases of coupled p and g modes. By using this asymptotic relation, we can measure the coupling strength and ∆Π to a very good degree for ascendingbranch models by means of grid searching. In other words, the asymptotic relation is very helpful for the identification of mixed modes in observed power spectra. However, our fitting method failed to provide reasonable q for early models where p modes still play the leading role. The fact that our grid searching only finds the best parameters without giving any uncertainties can be overcome with a more detail grid.
It is well known that mixed modes have both p and g mode characters simultaneously, but at a different level. We find that for RG models when a mixed mode has considerable variation in frequency, the proportions of the contributions to its mode inertia from the outer region to the central core change significantly as well. Frequencies of those p-m modes with a large contribution ratio of mode inertia between the two regions (ζ ≫ 1) are very close to the pure p modes, which are obvious in the power spectrum. In their vicinities, several mixed modes with relatively smaller ζ (ζ 1) can be detected from observation, which have more g-cavity character and hence reveal more information of the central core. Christensen-Dalsgaard (2012) estimated that the chance of finding such mixed modes is related to the width of the maximum reduction in period spacings, which is based on a study of the solutions of an asymptotic dispersion relation. Although we have a slightly different dispersion relation in this paper, an identical expression for the period spacing is obtained and has been employed to fit theoretical models, which gives excellent results for ∆Π and ∆ν. We confirm the prediction of Christensen-Dalsgaard (2012) about the chance of finding mixed modes, but we also notice that the width and depth of the dips in period spacing depend on the combination of mode frequency and q. Our fitting to period spacing is able to supply uncertainties and also results in a good outcome of q for more evolved stars, but unreasonably high value of q for high-order g modes. The two fitting approaches can both provide robust outcomes for evolved stars when they are combined. We note that, although our analysis is done for theoretical models, the method is also useful for real observations that provide adequate mixed modes.
The value of q inferred from the analysis of observed frequencies in principle provides diagnostics of the stellar interior, supplementing ∆ν and ∆Π which probe, respectively, the envelope and the core of the star. This requires a better understanding of how q is related to the structure of the star in the evanescent region. The theoretical qint from the integral expression of equation (16) is obviously inadequate for this purpose, given the problems with the underlying asymptotic equation in the evanescent region. A more careful analysis is required, taking into account the potential singularities. A second limitation in the analysis is the use of the Cowling approximation, neglecting the perturbation to the gravitational potential. We have tested the importance of this by determining the coupling strength computed by fitting frequencies computed in the Cowling approximation, comparing with results based on the full set of equations, and showing a significant reduction in q, by about 0.02. We note that the Cowling approximation could be avoided in the present case of dipolar modes by using the exact secondorder equation developed by Takata (2005) . This definitely deserves further investigation.
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